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Given the manufacturer's obligation to meet expectations and financial
constraints, monitoring a large number of quality characteristics with a
limited sample size poses a significant challenge for researchers in statistical
quality control. According to recent research, multivariate charts based on
double sampling are developed under the assumption that the number of
quality characteristics is less than the sample size. The objective of this
paper is to monitor the dispersion matrix of high-dimensional processes
using a combination of the ridge penalized likelihood ratio statistic and
double sampling method. To evaluate the performance of the proposed
chart, we first introduce seven out-of-control scenarios, which include three
combined diagonal/non-diagonal patterns, two diagonal patterns, and two
non-diagonal patterns. We then extract the run length properties and the
expected value of the sample size associated with the proposed chart
through simulation experiments. The simulation results indicate that, across
all three pattern categories mentioned, the proposed chart's sensitivity in
detecting disturbances in the covariance matrix improves as the magnitude
of shifts in its components increases. The simulation results further indicate
that as the number of components influenced by the assignable cause in the
covariance matrix decreases, the proposed control chart can detect process
disturbances over a longer period.
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1. Introduction

Double sampling, a two-stage monitoring system
for determining process status, was initially
proposed based on acceptance sampling literature
and applied to statistical quality control. The
procedure employs random samples in two passes
to estimate a test statistic and enhance process
monitoring effectiveness while decreasing the items
examined (Daudin, 1992). The recent research
focuses mainly on double sampling strategies for
control chart improvement. For example, Rozi et al.,
(2021) optimized a modification of the double
sampling chart for reductions in the length of an
out-of-control run. Maleki et al., (2023) investigated
double sampling chart sensitivity under the effect of
measurement error, and Lee et al., (2023)
suggested a coefficient of variation monitoring
chart. Advances in sensing and metrology
technologies enabled industries to monitor high-
dimensional quality characteristics relevant for the
detection of abnormal process behaviors and
improved product quality. In production, such as in
semiconductor production, statistical process
control reduces variability. In service industries, this
monitoring of high-dimensional data contributes to
the identification of fraud (e.g., credit card usage)
and public health incident prevention. However,
low sensitivity in multivariate control charts for
process disturbances remains a challenge for low-
dimensional data and especially high-dimensional
data, a challenge defined by the "curse of
dimensionality" (Jiang & Tsui, 2008).

This work presents a double sampling penalized
likelihood ratio control chart for monitoring high-
dimensional covariance matrices in Phase Il such
that sparse and non-sparse changes are captured in
an effective manner. The major questions are as
follows: What are the major constituents in the
proposed chart? What are the performance
advantages and limitations? How does double
sampling contribute to improved effectiveness? In
qualitative thematic analysis and Monte Carlo
simulations, the performance of the chart is
assessed at the level of average run length (ARL)
and sample size.

2. Methodology

Despite the high efficiency of the dual sampling
approach in improving the sensitivity of control
charts to deviations with the occurrence cause and
reducing the sampling cost by obtaining fewer
observations in the long run, all the developed
control charts available in the literature for
monitoring high-dimensional processes have used
simple random sampling. The innovation of this

study is to equip the edge-compensated likelihood
ratio control chart with the dual sampling approach
to detect more quickly scattered changes in the
elements of the covariance matrix of high-
dimensional processes. In this section, we seek to
equip the edge-compensated likelihood ratio chart
with dual sampling with the aim of detecting step
shifts in the components of the covariance matrix
as quickly as possible. The qualitative study employs
thematic analysis in constructing a penalized
likelihood ratio control chart under double sampling
for the monitoring of high-dimensional processes.
The literature studies and expertise formed the
gathered data and focused on statistical process
control and high-dimensional data. The Monte
Carlo  simulations employed the chart's
performance under seven different scenarios of
being outside control in terms of performance
metrics like ARL, standard deviation of run length
(SDRL), median run length (MRL), and expected
sample size (ESS). The study assumes the quality
characteristics have a multivariate normal
distribution such that the shift lies in the covariance
matrix and not the mean vector.

3. Results and Discussion

Analysis and simulation uncovered distinct
characteristics and running behaviors of the
proposed penalized likelihood ratio control chart
under double sampling for monitoring high-
dimensional covariance matrices.

e The chart tracks changes in the covariance
matrix by a two-stage double sampling
plan. In Stage 1, a random sample is
selected and a penalized likelihood ratio
statistic is obtained. The process is in-
control whenever the statistic lies in the
acceptance region. When in the rejection
region, an indication of the process being
out-of-control is given. When in the
warning region, a second sample is
selected and a combined statistic decides
the process condition. The control limits
are chosen such that a given in-control ARL
is obtained and the probability of Type |
error is set (adjusted) (Daudin, 1992).

e Simulations in seven out-of-control
scenarios (diagonal/non-diagonal,
sparse/non-sparse shifts) revealed the
chart efficiently identifies covariance
changes. In non-sparse diagonal/non-
diagonal shifts (Scenario 1), ARL decreased
by 199.646 to 1.6782 while the shift
magnitude rose by 0.75 from 0, showing
high sensitivity for larger shifts. The chart
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performs  better than conventional
multivariate charts, which are challenged
by sparse variations in high-dimensionality
scenarios (Salmasnia et al., 2023). Double
sampling decreases ESS relative to
straightforward sampling at the cost of
reduced inspection while sustaining the
power of detection.

e The sensitivity of the chart drops for sparse
changes, and the ARL grows rapidly (e.g.
130.9786 for 4% component changes for
Scenario 3). It is the 'curse of
dimensionality," such that sparse changes
are more challenging in high dimensional
space (Jiang & Tsui, 2008). The
measurement and integration errors for
legacy systems are also an issue, for which
several measurement strategies are
needed in order to reduce.

e Double sampling increases efficiency by
decreasing ESS for non-sparse cases, as for
large shifts, not as many second-stage
samples are taken. In sparse cases, ESS
grows proportionally with shift magnitude
because the warning region gets triggered
so often and a second sample is required.
This compromise raises the speed of
detection relative to the simple sampling
charts for non-sparse shifts.

4. Conclusions

Existing multivariate charts for monitoring high-
dimensional processes can only be used when the
number of variables is less than the sample size. In
addition, existing multivariate charts do not
perform well in detecting scattered changes in the
covariance matrix. Another important issue is that
late detection of changes in the covariance matrix
of a high-dimensional process increases the costs of
quality loss such as rework and warranty and leads
to customer dissatisfaction. In this paper, a dual-
sampling edge-compensated likelihood ratio chart
was presented for monitoring high-dimensional
processes in phase 2, which is capable of detecting
scattered and non-scattered changes. Using Monte
Carlo simulation in seven scenarios, the
performance of this chart was examined with
indicators such as trail length and sample size. The
results showed that the proposed chart performs
well in all scenarios and indicators. Implementing
the proposed chart to monitor the output of wind
turbines can be a practical suggestion that can help
industry managers reduce quality costs.
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Figure 1. Decision regions of the proposed control chart.
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Table 1. Statistical performance of the proposed chart under out-of-control scenario #1
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Table 2. Statistical performance of the proposed chart under out-of-control scenario #2
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Table 3. Statistical performance of the proposed chart under the out-of-control scenario #3
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Figure 2. Flowchart of the proposed method.
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Table 4. Statistical performance of the proposed chart under out-of-control scenario #4
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Table 5. Statistical performance of the proposed chart under out-of-control scenario #5
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Table 6. Statistical performance of the proposed chart under out-of-control scenario #6
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Table 7. Statistical performance of the proposed chart under out-of-control scenario #7
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