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In many real-world applications of statistical quality control, product
quality is described by multiple correlated quality characteristics, where the
occurrence of an assignable cause often leads to simultaneous changes in
process mean vector and the covariance matrix. On the other hand, in Phase
I analysis, due to reasons such as high sampling costs, limited time during
process start-up, and short-run or customized production, a sufficient
number of reference samples for estimating distribution parameters and
determining control limits is often unavailable. Therefore, this paper focuses
on simultaneous monitoring of mean vector and the covariance matrix
under the condition that only a single reference sample is available in Phase
L. To this end, a bootstrap-based algorithm is first developed to estimate the
mean vector, the covariance matrix, and the control limits of the
multivariate generalized likelihood ratio (MGLR) and the multivariate
maximum charts in Phase 1. Subsequently, online Phase II approaches are
designed to evaluate the effect of estimation errors on the performance of
the mentioned control charts. The results of extensive Monte Carlo
simulations show that the proposed bootstrap algorithm provides accurate
estimates of the distribution parameters and control limits despite relying
on only a single reference sample. The findings also indicate that as the
number of bootstrap samples increases, the indices related to the accuracy
of parameter estimation gradually move closer to their target values.
Furthermore, the analysis of the average run length (ARL), standard
deviation of run length (SDRL), and median run length (MRL) under
different shift scenarios demonstrates that estimation error affects the
performance of both the multivariate generalized likelihood ratio and the
multivariate maximum charts in Phase II.
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1. Introduction

In industrial and service environments, product
quality is typically described by a set of correlated
quality characteristics. Monitoring each variable
independently not only ignores the underlying
correlation structure but also inflates the false alarm
rate and reduces the charts’ sensitivity to process
disturbances. Moreover, in practice, the occurrence
of assignable causes often induces concurrent
changes in both the mean vector and the covariance
matrix. Therefore, the design of joint monitoring
schemes for the mean vector and covariance matrix
is crucial for ensuring the rapid detection of process
deviations in multivariate settings. For further
information on statistical methods for simultaneous
monitoring of the mean and variability, readers are
referred to Maleki et al., 2023; Noor-ul-Amin et al.,
2019; Saemian et al., 2023; Sharafi et al., 2022;
Chatterjee al., 2023; Teoh et al., 2025.

A significant challenge in many practical
applications of statistical process control is the
insufficient availability of reference observations in
Phase I, which frequently leads to biased parameter
estimation and, consequently, unreliable control
limits. In this context, the bootstrap approach serves
as an effective tool for parameter estimation and
establishing control limits, primarily due to its
distribution-free property and relatively low
computational requirements. For further
information on bootstrap-based control charts,
readers are referred to Al-Lami et al., 2025; Chaing et
al., 2018; Leiva et al., 2023; Modok et al., 2026; Panda
& Wang, 2025; Perdana et al., 2025; and Najafzadeh
etal., 2026.

Despite considerable progress in the joint
monitoring of location and dispersion parameters
across both univariate and multivariate domains,
two critical research gaps still exist in the literature.
First, while most prior research has emphasized the
detection of shifts in the mean vector, the concurrent
monitoring of both location and dispersion in
multivariate processes has received comparatively
less attention. Second, although the bootstrap has
proven effective in univariate process monitoring,
the adoption of this technique for designing
multivariate control charts remains relatively
underexplored. To address these shortcomings, this
study, under the restrictive condition of having only
a single reference sample in Phase I, pursues two
main objectives: (1) developing bootstrap-based
algorithms for estimating the mean vector,
covariance matrix, and control limits of both
multivariate maximum (MMAX) and multivariate
generalized likelihood ratio (MGLR) charts; and (2)
evaluating the impact of parameter estimation error
on the sensitivity of these charts in Phase II.

2. Methodology

In this section, a bootstrap-based algorithm is
described for estimating the mean vector and

covariance matrix, and for establishing the upper
control limits of the MGLR and MMAX control
charts, under the restrictive condition of a single
reference sample in Phase I. Furthermore, the
proposed procedure for evaluating the impact of
parameter estimation error on the performance of
these control charts is presented.

To estimate the distribution parameters and
establish the upper control limit of the multivariate
generalized likelihood ratio (MGLR) chart, a
reference sample of size n is collected in the first
step. In the second step, the iteration index for the
proposed Phase I bootstrap algorithm is settor = 1.
In the third step, n random integers with
replacement are generated from the discrete uniform
distribution {1,2,...,n} and stored in a row vector
b,. In the fourth step, the elements of b, are
arranged in ascending order to form the vector b,.. In
Step 5, the transformed observation matrix
corresponding for the 7" bootstrap iteration,
denoted by X7, is constructed based on the elements
of vector b,. In Step 6, the sample mean vector for

the 7"  bootstrap iteration, denoted as
-y 1 n * — =k =k =k T .
X=Xl X, = (%1 %50 %) is
T
* —_ * * *
calculated, where x;, = (xlj,r’xzj,r! . ..,xpj‘r)

represents the j** column of the matrix X;. In Step 7,
the sample covariance matrix in the 7" bootstrap
iteration is calculated as

Sy =30 (x, — 1) (2, - %) and
subsequently, the iteration index 7 is increased by
one. In Step 8, if the bootstrap iteration index is less
than R, the process returns to Step 3; otherwise, the
algorithm proceeds to Step 9. In Step 9, the target
mean vector is calculated as the arithmetic mean of

S 3k Sk = ZR—li;‘
the vectors X7, X5,..., Xy as X° = =.=—

. In Step 10,

the target process covariance matrix is calculated

based on estimated matrices S$7,S85,...,S; as

o _ Zr=1Sr

§° ===
R

In Step 11, transformation

1
Xy = S°_5(x;’r — x°) is applied to the columns of
the bootstrap samples X7, X5,..., Xg. In Step 12, the
sample mean vector and the sample covariance

matrix of each standardized bootstrap sample are

I

computed as Xr = - Qj1Xjy =
e ot _e \T ' 1 '

* * % * n *
(xl,r,xz_r,...,xp,r) and S =-— ijl(xj‘r —
- " i \T .
xr*)(xjfr -x; ) , respectively. In Step 13, the

generalized likelihood ratio statistic for the rth

. . . 1 N
iteration is calculated as LRy = np (; trace(Sy) —

1
log(|S;])r — 1) + n||x||. In Step 14, the statistics

LRI, LR;,..., LRy are stored in a vector, denoted as
u = (LR(;),LR(z),...,LR(p)), such that LR,
represents the 7" ordered element of w. Finally, in
Step 15, the R(1 — )" element of vector u is
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selected as the upper control limit for the bootstrap-
based MGLR chart and is denoted as UCLy. The
proposed algorithm for estimating the distribution
parameters and calculating the UCL for the MMAX
chart is outlined as follows: First, a reference sample
of size n is collected in Phase I. In Step 2, the value of
the bootstrap iteration is set to 7 = 1. In Step 3, n
random integers are generated with replacement
from a discrete uniform distribution within the range
{1,2,...,n} and stored in a row vector b,.. In Step 4,
the elements of b, are sorted in ascending order to
obtain the vector b,. In Step 5, the transformed
matrix X is constructed based on the elements of
b.. In Step 6, the sample mean vector for the rt"
bootstrap iteration is calculated as X; =

1 e - RN &
- T X, = (xir,xz_r,...,x;,r) . In Step 7, the
sample covariance matrix for the 7" bootstrap
iteration is calculated as Sy =

ﬁ ;-lzl(x;r - k;)(xj*r - X:)T, and the iteration
index 7 is incremented by one. In Step 8, if 7 is less
than R, the algorithm returns to Step 3; otherwise, it
proceeds to Step 9. In Step 9, the mean vector of

. e . —o _ IR
quality characteristics is determined as X° = %,

based on the arithmetic mean of the vectors
x1,X5,...,Xg. In Step 10, the covariance matrix of

R o+
. TR . o =15
quality characteristics is determined as $° = %

by calculating the arithmetic mean of the matrices

1, 8%,...,8k. In Step 11, the T,?* statistic for each
bootstrap sample is calculated as T =
n(x; — x°)7(8°)"1(x; — x°) using the mean vector
and covariance matrix derived from Steps 9 and 10.
In Step 12, the W,” statistic for each bootstrap sample

is computed according to the covariance matrix
1

. . . -1)|s5(P
obtained in Step 10, as W," = % In Step 13,
|s°|P
the standardized mean statistic for each bootstrap
sample is calculated as M; =

(D_l(Hp (TTZ*)). In Step 14, the standardized
dispersion statistic for each bootstrap sample is
calculated as I} = (D_l(G(a,b) (W'r*)) In Step 15, the
multivariate maximum statistic for each bootstrap
sample is calculated as C; = max{|M;|,|V*|}. In
Step 16, the statistics Cy,C5,...,Cg are stored in a
vector vV = (C(*l), Cizyroor C(*R)), where C(;y denotes
the 7" element of v. In Step 17, the R(1 — a)*®
element of vector v is selected as the upper control
limit of the bootstrap-based multivariate maximum
chart, denoted as UCL),. Finally, Phase I yields the
estimated mean vector X°, the estimated covariance
matrix $°, and the control limits UCLy; and UCL),.

The implementation steps for the proposed
multivariate generalized likelihood ratio chart in
Phase II are as follows: In Step 1, the run length (RL)
index is set to RL = 1. In Step 2, a sample of size n,
denoted as Xy = (xRL,lerL,Zr'-"xRL,n)y is

¥ o)Ln.&/f 0,90 NF+O JLM /6)90’0‘.}9&*»@»»\3@

collected. In Step 3, the columns of Xp;, are
transformed into multivariate standard normal
observations using transformation

1
XpLj = S°_5(xRL,j — 5() In Step 4, the mean vector
of the transformed observations from Step 3 is
calculated as

o len o (e _ . NT
XRL —;Zj:1XRL,j = (xRL,pxRL,z'---'xRL,p) . In
Step 5, the sample covariance matrix of the
transformed observations is determined as

SkL = ﬁZ?ﬂ(X%L,;’ - x}eL)(X;eL,j - -i';?L)T' In Step
6, the MGLR statistic is derived based on the outputs
of Steps 4 and 5 as LRy, =np(a—logg—1) +
n||Xz,|I?. In Step 7, the MGLR statistic for the RL"
sample is compared with the UCL;. If
LRg; < UCLg, RL is incremented by one; otherwise,
the value of RL index is recorded. Steps 1 through 7
are repeated Q times, and the average, standard
deviation, and median of the resulting RL values are
reported.

The implementation steps for the proposed MMAX
control chart are as follows: In Step 1, the run length
index is set to RL = 1. In Step 2, a random sample of
size n is generated to form the p Xn matrix of
XpL = (xRL,lfoL,Z"-'lxRL,n)- In Step 3, the sample
mean vector of matrix Xp; is calculated as

. 1on e N
XgL = ;Zj=1 XpL,j = (xRL,pxRL,z:--waL,p) . In

Step 4, the sample covariance matrix is computed as
1

T

Sk =575 ?:1(xRL,j - -i'RL)(xRL,j — Xgy) - In Step
5, the mean statistic for the RL‘™ sample is
determined as T3, = n(xg, — x°)7(5°) 1 (x; — x°).
In Step 6, the dispersion statistic corresponding to
1
(n-DISpLlP
IsIP
Step 7, the standardized values of the mean and
dispersion statistics are obtained as
Mg, = d)_l(Hp(T}%L)) and Vg, = d)_l(G(a,b)(WRL)))
respectively. In Step 8, the maximum statistic
corresponding to the RL" sample is determined as
Cr, = max{|Mg.|,|Vg.l}. In Step 9, the MMAX
statistic is compared with the UCL},. If Cx;, < UCLY,,
the run length index is incremented by one;
otherwise, the value of RL is recorded. To evaluate
the performance of the chart, the procedure (Steps 1-
9) is replicated Q times, and the mean, standard
deviation, and median of the resulting run lengths
are recorded.

the RL" sample is calculated as Wy, = In

3. Results and Discussion

The Phase I results indicate that the proposed
bootstrap algorithm, despite utilizing only a single
reference sample, even when relying on a single
reference sample, provides reliable estimates of the
mean vector and covariance matrix. The index ‘sum
of absolute values of the estimated mean vector’ with
target value of 0, decreases from 1.3219 to 1.2815 as
the number of bootstrap samples increases from 3 to
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50, exhibiting a gradual downward trend, indicating
a slight enhancement in the precision of the mean
vector estimation. The index ‘sum of all elements of
the estimated covariance matrix’ with target of 15
increases from 9.4586 to 10.7759 as the number of
bootstrap iterations rise from 3 to 50. Despite the
upward trend toward the target, the persistent gap
at 50 iterations suggests that further resampling is
necessary for precise covariance estimation.
Furthermore, the index ‘sum of the main diagonal
elements of the estimated covariance matrix’ with
target value 5 shows a consistent upward trend,
rising from 3.9289 (at 3 samples) to 4.2784 (at 50
samples). As expected, increasing the number of
resamples stabilizes the variance estimates and
drives them closer to their true target values.

In Phase II, the emphasis is placed on assessing the
impact of estimation error on the ARL measure. For
induvial mean shifts, the Classical-Max chart
consistently yields smaller ARL values than the
Classical-MGLR chart. Specifically, the Classical-Max
chart detects shifts approximately 10.59%, 48.18%,
60.70%, and 52.63% faster for § = 0.25,0.5,0.75,1 ,
respectively. While this difference is small for small
shifts, it becomes substantially more evident as the
shift magnitude increases. Under the scenario of a
dispersion change (i.e., standard deviation
disturbances), the Classical-Max chart also
outperforms Classical-MGLR scheme for all values of
1. The performance gap initially increases as the
shift magnitude increases but subsequently
decreases in larger shifts. Under concurrent shifts in
both the mean and dispersion, the Classical-Max
chart consistently yields a lower ARL compared to
the Classical-MGLR scheme across all shift levels,
with improvements ranging from 38.45% to 53.34%.
This demonstrates the superiority of the MMAX
chart in rapidly detecting both individual and
concurrent shifts in mean and dispersion
parameters. Besides, the results indicate that
parameter estimation error increases both the ARL
and SDRL indices for both control charts. For the
Bootstrap-MGLR chart under individual mean shifts,
the increase in ARL for shift magnitudes of 0.25, 0.5,
0.75, and 1.0 is 3.06%, 5.60%, 7.07%, and 9.22%,
respectively. Under covariance matrix disturbances,
the increase in ARL becomes considerably more
tangible; for shift magnitudes of 1.1, 1.2, 1.3, and 1.5,
the corresponding percentage increases are 3.75%,
5.85%, 8.96%, and 15.08%, respectively. This pattern
indicates that, for small changes, the impact of
parameter estimation error is limited; however, as
the dispersion shifts become larger, additional
variability induced by the bootstrap-based
estimation error substantially reduces the detection
capability of the MGLR chart. Furthermore, across all
mean shift levels, the increase in the ARL index for
the MMAX chart due to parameter estimation error
ranges from 5.24% for § = 0.25 t0 13.60% when § =
1. Under standard deviation shifts, this increase

ranges from 2.38% for a shift magnitude of 1.1 to
15.76% for a shift magnitude of 1.5. For concurrent
shifts, the ARL of the bootstrap versions of both
charts (MMGLR and MMAX) is larger than that of
their classical counterparts across all shift levels; for
the Bootstrap-MGLR chart, this increase is
approximately between 4.5% and over 10%, while for
the Bootstrap-Max chart it varies from 6.77% to
12.73%. Overall, the Phase II results indicate that
parameter estimation error induced by the bootstrap
procedure leads to an increase in ARL and SDRL and,
consequently, a reduction in the sensitivity of both
charts, particularly under larger shifts and dispersion
disturbances. In addition, the MMAX chart exhibits
higher detection power than the MMGLR chart in
rapid identification of mean shifts, dispersion shifts,
and joint shifts, both in the absence and presence of
parameter estimation error.

4. Conclusions

This study aimed to address the challenges of limited
reference data in Phase I by developing a bootstrap-
based algorithm for parameter estimation and
control limit establishment for two well-known
schemes for concurrent monitoring, namely the
MGLR and MMAX control charts. Monte Carlo
simulations demonstrated that the proposed
approach  achieves satisfactory accuracy in
estimating the mean vector, covariance matrix, and
control limits, despite relying on a single reference
sample. Findings indicate that as the number of
bootstrap samples increases, the estimators for the
mean vector and covariance matrix converge
gradually toward their target values; however, a
larger number of bootstrap samples is recommended
to achieve higher precision in estimating the
components of the covariance matrix. Phase II
analyses confirmed that parameter estimation error,
resulting from data limitations in Phase I, degrades
the detection performance of both control charts.
Nevertheless, the MMAX chart maintains its
superiority in the rapid detection of process
disturbances, particularly under concurrent shifts in
both the mean and dispersion. Finally, as this study
assumes a constant process dimensionality, future
research should explore adaptive strategies to
identify out-of-control variables and dynamically
update parameter estimates.
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Table 1. Results of the proposed bootstrap algorithm for different sample sizes

Tr(S°) Sum(S°) [1x°Il4 S° x°
Y/aYAQ /EOAS VY'Y YA 0.81 0.22 0.35 0.26 0.20 -0.17
0.22 1.25 0.33 0.13 0.40 0.12
0.35 0.33 0.31 0.31 0.03 —-0.46
0.26 0.13 0.31 0.99 0.54 0.23
0.20 0.40 0.03 0.54 0.58 —0.34
Y/AYTA Yo/ YAY VYV 0.85 0.23 0.31 0.64 0.11 -0.10
0.23 1.06 0.20 0.37 0.46 0.22
0.31 0.20 0.57 0.25 0.03 -0.37
0.64 0.37 0.25 0.88 0.44 0.27
0.11 0.46 0.03 0.44 0.58 —-0.35
£/ VY VY- VY- £ /0.96 0.30 0.38 0.72 0.15 —-0.05
0.30 0.98 0.24 0.34 0.36 0.35
| 0.38 0.24 0.63 0.29 —0.06 -0.31
0.72 0.34 0.29 0.89 0.32 0.39
0.15 0.36 —-0.06 0.32 0.56 —0.25
A7ARA A V+/YYVYA VIYAAY
0.92 0.27 0.35 0.70 0.10 —-0.07
0.27 1.03 0.26 0.36 0.40 0.29
0.35 0.26 0.61 0.29 0.02 —-0.35
0.70 0.36 0.29 0.88 0.35 0.35
0.10 0.40 0.02 0.35 0.66 —0.25
fAY-4 VIONYY \/YAQS 0.92 0.32 0.40 0.61 0.09 -0.03
0.32 1.14 0.29 0.39 0.37 0.30
0.40 0.29 0.56 0.33 0.04 —-0.32
0.61 0.39 0.33 1.00 0.34 0.38
0.09 0.37 0.04 0.34 0.56 —-0.27
FIYVAS Y+ /YYOA VYA 0.87 0.30 0.37 0.67 0.08 —0.06
0.30 1.05 0.29 0.38 0.37 0.23
0.37 0.29 0.84 0.31 0.13 —-0.33
0.67 0.38 0.31 0.96 0.34 0.36
0.08 0.37 0.13 0.34 0.56 —0.31
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Figure 1. Sum of the absolute values of the elements of the estimated mean vector for different numbers of

bootstrap samples.
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Figure 2. Sum of the estimated covariance matrix elements for different numbers of bootstrap samples.
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Figure 3. Sum of the diagonal elements of the estimated covariance matrix for different numbers of bootstrap

Sial3dl b S aas e plid ) USS 5 ) g

ok oy yolie Gllhe 08 ggexe

el Sl ored b G20l g, oakoygly

S5l
Sas sl 10 Gas i b SUm(S?) asls
u).*.w‘uy 4.;5.«; AR 9 Yo Yo Ve DX
ARVAR &SI RYER S\ gL VA #AY.N 4 ).g‘ﬁ o iy
oo Juol> V/VYYOR g Vo/DVYY ) -/YYVA
das gl b cplly e
S Bas  Hlade 4 g alily @ b

sladiges

Soge 0 S el d9e b oebige S0y

samples.

1S Cowl L)‘ omouLw CUL..:

el o1 51 (Sl sasliawsas mls Egeme 1o
Wged o L ol LS 0 0gmg b S
woloiin Cywlig by, O 5B 0 ax e
JB s b L.....,..; lel'a"))ﬁ—‘)'-’ Sl atudlgs

o oibylgsS mple g Sl Hlop 5l o8

Silw o2l 3 S slbaasie
S sl cwia dE el olis
Br g Ve Ve Ve ¥ Cnlog slaaiges
AVARYSSAVARE A NP VAR ARAYAS &L W PR v
Jladie el sael Cawsas VYAVD g V/YARS
el yro plp goae Jle o jeli (pl Gus
s el asls ol Jlows) el Gjpre oS

£ 0slod I8 0595 11VFe8 JLs /(6390 e 9 priommens osckied



1F4

RULC LR RIS

ol g0 a8 sl axgr LLs 1Sl jO gk @
oSl o it cely Bl ool Lele cl>
& Me=W=0,u=0,...,u5=0)T
Hoc = Myc+4 4 = (8,0, ..., 8505)"
o ok el glaggloand o 098 o0
A Oy baakie (:She o e
25 eite ol ly o Lol ) ogtoe 45,5
ol ol ad, 8 el o Yl eoae e
Mo = (6,6,5,5,8)"
ol )0 1 S dasiin o Bl il jo guuri @
Sl a5 sgdie el Bl Lele ol
YOy 4 O soml laie 5l ol b aasiin Lxe
Soxdsl Gl wilen a8 gy il
Ars OleSy baasin Lae Sl o i
e 5 o8 Ll spbe 4,5 15 o Y
were 9 ) plp lepsie (el uib)ly go0e
Alp S datie Shx 95 e e (Kon
ople sl oal a8 F a5 §=05
sl 5 Ojge 4 S 5l ) (mb)lssS
109.5
w2 05Y? .. 0.5P2
Soc=| 05" ¥ . 05y 0%)
0592 0592 .. 2 s
S Syl g (ule jo plyi i @
cely Gl Ll gyl ol 5 :bdascine
@ omblgsS e le 5 eSlee o plgs et
03550 Zoc 9 Hoc
Sl gl @l 4 soloiin sbaylages 5 Shoe
5 ole o allax Sk g Vo ) S
3 MRL ¢ SDRL « ARL _a3Li aw lil & SossTy,
ol samslis Jol> mls .ol ool M ¥ Jgo
a5 Sl
Soged (Sl Alllas slacacs wles ;o ()
4 Cowd $5pS ARL 3l Classical-MGLR
Hebas .l ls,e5 5 Classical-Max  loged
Ol s sl & RS
Jsbas meSle Jages & = 0.25,0.5,0.75,1
DYISY o Ve FANA /0% Liwgic

¥ o)Ln.&/f 0,90 NF+O JL.» /6)90,@49W@»W

P o wlog dge B adg
Ban e b g2ei B alold je Sum(S®)
4 ol Glp aS cwl ol Sl a5 ol
Slaw Gl (e Bon 4 S S005 (69,90 0
Ak 5l @l sladiges 5l (g i
Jas gly O Gua e L Tr(S) esls e
B g ¥e Yo e ¥ uloy cladiges
FLOAYY XATEA FAYAR Ll oy
ool Caws a4 FIVVAT 4 FAV-Q FV-FQ
slaws I8l b s el cpl asess jo .ol
Wl 5 tali¥l sy, pyinlg (sladiges
izl L5 o Lol L 51 L, ol s cleisy
s (s S aigad il olaad GRS 1 e
kol k8 yolis a5) baouilyly 35505 955 o0
PSP g polwl (s GuiblesS i ple

Job (oo p ol )y e 1 byl -Y-F
dlés

5 oeSilee Jloy 050y 5l L2 sllas ST s ol 5o
B0 @z e diged S LS el bl e yile
allipeesd (pleicen;d Cond lajbsed Gl )
or Vb e epienir perSle g opdienis
5 Syiie SlposS atws 93 p» olaie (nl Slp Sed e
55l B Gl lasS e ile 5 eSles oy o lejes
sl MRL o SDRL ARL _a5Ls aus 5 ons 43,5 L
IS Galal  oolering gl (b oSS
sbiinsy wisign gl i Jidles 53 (slsnd
sl ;53 glaylagas (lsi r loyelly 955l ST o)
ol Sl sloasens YL S 9o sl alag 5o
e a5 35BS il Bisb
Lol JrS cos cdb o dlds Jsb lawgte
oot #5 weiss L Jolas a5 og ARLyc = 50
ool el @ = 0,02 mhs o ogei g0 bl
9 c] SadlS (sloauns GYb S s polia ol
UCLG = 471075 L, cuja loges
U555 5l 2l gl dus ] UCLy = 24833

e 5 g 4 et 48T



e 4Bl s (o Ladens 50 o (5510903 31 00liiias! b 0 oz (guisT 3 (il ylgsS (s yilo 9 aSilao J1o 2 o il

VO

Qo ,d FAAY o £EIYY FUAD NV/-F oy
TEEIPUDVE S ICCUMRSCNON I SV X 4
&S el ol 5l (S Wy, ol el o pienis
S osSile p Cad ol l L
Soged 4 Cewwd  Classical-Max  loged
Sbso Bl as Ll 65l 4 Classical-MGLR

B JS8) 35 n S s Job
saasin las Bzl slacas ooles jo
o>y lls Classical-Max  jloges ¢ o2
Classical- logel & Cad (5,505 SDRL
poodle Jloged pl ams o .Cwwl MGLR
(SaSly OYNS jasels [0 iy Sy
s olaie @l ey e g Sl
SliesiS SlJ) 42 oo jslots sl s 55
Sl s P €{1.1,1.2,1.3,1.5}
3 OFITY DAY FOITA 55 @ o piionis
Camd S 5pS SDRL a3l 5l as s FY/EY

(f

@loilan;d Sad loged 5l Sa e o)
2
Sl Gl 4 a8 cal ol sanmolis
Sogei g0 0,Sles wglas (6 = 0.25) S>o5
S (S MBI O esgs az s LB
(F JS8) el az g LB oolis

30 Spgw 9,Slee Classical-Max lsges
3 baasie lae Sl SYNS] asis
ARL a3l lls 5 awo oo lis og>
@ S Popolie Sl Gl 4 650
Dl iy o gl
o3Il (al3l b o IS sy el o piionin
S dbdasie jlae il o il
GdlS s g ol ol Jloges g0 o Slac
(& JS2) 2o

3303
& o (8 7S SDRL (sl eSilee i

9—0.3
oS Lo Jlogad Allss Job jlae Byl jolas
4 6=0.25050751 <l sl a

sleoslail  ooles ;o Classical-Max )|

(aZian yobody .ol Classical-MGLR lo

\

¥

oo Bl 5 5o Sile alFlaz Sliis 6l 4 oo, 6la gl Alis Jsb sla Siis ¥ Jgaz

Table 2. Run-length characteristics of competing control charts under separate changes in the mean and
standard deviation.
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Figure 4. Average run-length (ARL) curves of the classical versions of competing control charts under mean

shifts.
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Figure 5. Average run-length (ARL) curves of the classical versions of competing control charts under dispersion

(variability) shifts.
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Figure 6. Standard deviation of run length (SDRL) curves of the classical versions of competing control charts

under mean shifts.
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Figure 7. Standard deviation of run length (SDRL) curves of the classical versions of competing control charts
under dispersion (variability) shifts.
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Figure 8. Average run-length (ARL) curves of the classical and bootstrap MGLR charts under mean shifts.
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Table 3. Run-length characteristics of competing control charts under simultaneous changes in the mean and

standard deviation.
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