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HIGHLIGHTS

GRAPHICAL ABSTRACT

e Customer location is represented by a
geographical area rather than a fixed
point.

e Customers may move anywhere within
their designated geographical areas.

e The proposed model simultaneously
determines the optimal delivery
location and vehicle route.

e The customer's location within the
designated geographical area follows a
probability distribution.
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The customer with stochastic and variable location is a novel approach for
modeling routing problems. This reflects the reality that when a customer
places an order and the service provider begins planning the delivery, some
customers do not remain stationary at the ordering location. Many customers
tend to move between various points. In classical routing problems, the
customer's delivery location is assumed to be completely known and fixed,
and route planning is performed accordingly for that specific location.
However, if customers are allowed to move freely within a defined area after
placing their order, the traditional notion of a fixed customer location — as
conventionally addressed in classical routing problems — is fundamentally
challenged. Although this perspective on customer location can significantly
enhance customer satisfaction, it substantially complicates planning for the
service provider due to the resulting ambiguity and uncertainty regarding the
customer's position. This paper aims to formalize this new perspective on
customer location and investigates the Vehicle Routing Problem (VRP) under
uncertainty in customer locations.
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1. Introduction

Last-mile logistics is one of the most critical and
strategic components of the supply chain because of
its direct interaction with end customers.
Consequently, logistics service providers must
continuously enhance their last-mile operations to
maintain their competitive advantage. Traditional
deterministic approaches are no longer sufficient to
satisfy customers' evolving expectations.
Accordingly, maintaining competitiveness requires
logistics service providers to employ predictive
decision-support systems that explicitly account for
uncertainty and stochastic information during the
planning process (Mardesi¢ et al., 2023; Birge &
Louveaux, 1997)

In most classical Vehicle Routing Problems (VRPs),
customer locations are assumed to be fixed and
known in advance. However, many real-world urban
applications have demonstrated that this assumption
is often an oversimplification, since customers may
continue moving after placing an order, making their
delivery-time locations uncertain. For example,
consider a taxi driver who places an order at the
beginning of the day. Although the driver's current
location can be accurately determined using GPS, the
driver continues transporting passengers throughout
the city during the day. Consequently, when the
service provider plans the delivery route, the driver's
exact location at the expected delivery time cannot be
known in advance. Instead, the driver's location is
represented by a probability distribution over a
designated geographical area estimated from
historical mobility data. A similar situation arises in
emergency response operations. Following a natural
disaster, emergency teams continuously move within
their assigned service areas while providing
assistance. A support vehicle responsible for
delivering essential supplies cannot determine the
teams' exact locations at the time of delivery during
route planning and must therefore rely on
probabilistic information about their presence within
predefined geographical areas.

In recent years, considerable attention has been
devoted to different sources of uncertainty in vehicle
routing problems. For example, Wang and Zhao
argued that vehicle routing problems have attracted
significant research interest with the rapid growth of
e-commerce (Wang & Zhao, 2025; Reyes et al., 2017).
Their study investigated vehicle routing problems
with uncertain customers, highlighting the growing
importance of uncertainty, particularly regarding
customer-related characteristics. From another
perspective, Rezvanian et al. (2025) addressed
uncertainty in service times. Building upon these
studies, the present research investigates a more
general problem in which customer locations are both
mobile and stochastic. In the proposed approach, the
customer's exact delivery-time location is unknown
during the planning process. Instead, each customer
is represented by a geographical area, and the

customer's location within that area follows a
probability distribution.

2. Methodology

This study develops a comprehensive mathematical
model formulated as a mixed-integer nonlinear
program (MINLP) that incorporates stochastic
elements. Each customer is associated with a
bounded two-dimensional movement region. These
regions can be defined using simple geometric shapes
(such as circles or rectangles) or more complex
combinations of mathematical functions. Within
each region, the probability of the customer’s
presence at any specific point follows a probability
distribution. This distribution can be estimated from
historical data using non-parametric methods like
kernel density estimation or parametric approaches
such as a bivariate normal distribution centered at the
region’s centroid.

Several fundamental assumptions underpin the
model. Each customer remains within their
designated geographical area during the service
period. All demand for each customer must be fully
satisfied in a single period without split deliveries or
postponement. Delivery locations are continuous
decision variables to be determined by the optimizer.
When the actual customer location at delivery time
differs from the planned delivery location, two main
relocation policies are possible: the customer moves
to the vehicle’s location or the vehicle diverts to the
customer’s actual location. The base model adopts
the customer-relocation policy, incorporating the
expected cost of this movement—calculated as the
probability-weighted distance—directly into the
objective function.

The objective function minimizes the total system
cost, which consists of two primary components. The
first is the vehicle travel cost between optimized
delivery locations, using appropriate distance metrics
(Euclidean for aerial vehicles like helicopters
operating in open space, or Manhattan for ground
movement within urban street networks). The second
component captures the expected relocation cost for
customers moving to the designated delivery
locations, integrated over the probability
distribution. This structure naturally results in a
nonlinear objective due to the interaction between
location  variables, routing decisions, and
probabilistic expectations.

Standard VRP constraints are adapted and extended.
These include vehicle capacity limits, flow
conservation ensuring route continuity, subtour
elimination using the  Miller-Tucker-Zemlin
formulation, and single-vehicle assignment per
customer. Additional constraints confine each
delivery location within the corresponding
customer’s movement region. The model also defines
parameters such as demand quantities, unit travel
costs for vehicles and customers, and vehicle
capacities.
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For practical implementation and solution in
optimization environments, three main approaches
are proposed for handling spatial constraints. The
first involves direct formulation of region
inequalities. ~The second wuses polyhedral
approximations for polygonal regions. The third
discretizes the continuous space into a grid of
candidate points, transforming the problem into a
more tractable combinatorial form suitable for
standard solvers when nonlinearity becomes
prohibitive.

The framework supports extensive sensitivity
analysis. Probability distributions can be estimated
from historical GPS or tracking data, and their impact
on solutions can be evaluated through parametric
variations (changing variance or spread) and
scenario-based testing with alternative distributions.
Comparative analysis of the two relocation policies
highlights trade-offs in cost allocation, customer
satisfaction, technological requirements, and
computational burden. The model is designed with
flexibility in mind, allowing straightforward
extensions such as time windows, multiple depots,
heterogeneous vehicle fleets, fuel constraints, priority
customers, and multi-period planning.

To solve the proposed MINLP, the model is
implemented in optimization software such as GAMS
using appropriate nonlinear solvers. While exact
solutions are feasible for small instances, the inherent
NP-hard complexity and continuous variables
necessitate metaheuristics, large neighborhood
search, genetic algorithms, or discretization
techniques for larger real-world scales.

3. Results and Discussion

The applicability and behavior of the proposed VRP-
MSCL model are demonstrated through a numerical
example inspired by a post-disaster emergency
supply operation. The scenario involves one central
depot using a helicopter to serve five geographical
areas with rectangular boundaries. Each geographical
area is associated with a customer whose exact
location within the area is represented by a
probability distribution. Demands are set at varying
levels to require multiple routes or capacity-aware
sequencing. Probability distributions are modeled as
bivariate normal with means at each geographical
area’s centroid and a variance of one, reflecting a
higher probability of customer presence near the
centroid of each geographical area. Unit costs for
vehicle travel and customer relocation are defined,
with sensitivity tested across a wide range.

The model successfully determines optimal delivery
locations within each geographical area and the
corresponding routing sequence for the helicopter. In
the base case with moderate relocation costs, delivery
locations strike a balance between efficient global
routing and reasonable expected intra-area
movement. When customer relocation costs are low
relative to vehicle costs, the optimizer may select
points slightly offset from centroids to shorten overall
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vehicle paths. However, as relocation costs increase
substantially, delivery locations shift closer to the
centroids of the corresponding geographical areas—
the areas of highest probability density—thereby
minimizing expected customer movement at the
expense of somewhat longer vehicle routes.
Extensive sensitivity analyses provide valuable
managerial insights. Larger geographical areas and
higher variance in probability distributions increase
uncertainty and push delivery locations toward
regions with higher probability density to hedge
against expected relocation efforts. Conversely,
smaller geographical areas or more concentrated
distributions grant the model greater flexibility to
optimize vehicle routes globally. The ratio of
customer-to-vehicle relocation costs emerges as a
pivotal parameter: higher relative customer
relocation costs drive delivery locations toward
regions with higher probability density, whereas
lower cost ratios favor shorter vehicle routes.
Computational performance on the small instance
(five geographical areas) shows reasonable solution
times, though the solver indicates the returned
solution may not be globally optimal, underscoring
the challenge of exact optimization even at modest
scales.

4. Conclusions

This paper introduces a novel and general
mathematical modeling framework for the Vehicle
Routing Problem with Mobile Stochastic Customer
Locations (VRP-MSCL). By representing customer
locations through probability distributions within
predefined geographical areas, the model extends
classical vehicle routing formulations to account for
customer location uncertainty. It bridges important
gaps Dbetween classical deterministic = VRP
formulations, generalized routing problems, and
emerging concepts of roaming delivery locations,
delivering a more realistic tool particularly suited for
last-mile logistics in emergency response, disaster
relief, and mobile service operations.

Key scientific contributions include the development
of a flexible general model capable of recovering
classical VRP as special cases, the explicit integration
of probability distributions for optimizing delivery
locations, detailed policy analysis regarding
relocation responsibility between vehicles and
customers, practical implementation strategies with
multiple spatial handling approaches, and
comprehensive sensitivity analysis tools. The
emergency services case study demonstrates the
model’s ability to generate cost-effective delivery
locations and vehicle routes under customer location
uncertainty.

While the current formulation assumes guaranteed
customer presence within defined geographical areas
and adopts a risk-neutral expected-cost objective,
several promising directions for future research are
identified. These include incorporating probabilities
of complete customer absence, adding time windows
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and other operational constraints, developing multi-
period and dynamic online re-optimization
capabilities, integrating risk measures such as Value-
at-Risk or Conditional Value-at-Risk, and designing
efficient metaheuristic algorithms or approximation
schemes for large-scale instances. Further extensions
could combine the routing model with facility
location, inventory management, and real-time data
integration from GPS and mobile tracking systems.
From a practical perspective, the proposed approach
equips logistics and emergency service providers with
a powerful decision-support system, and future
developments could combine the proposed
framework with real-time tracking infrastructure and
periodic re-optimization, enabling its application to
dynamic routing environments. As urban mobility
patterns evolve and demands for rapid, flexible last-
mile services grow, models that embrace spatial and
stochastic dynamics—rather than assuming them
away—will become increasingly essential for
building competitive, resilient, and customer-centric
supply chains.

The VRPMSCL framework opens substantial avenues
for both theoretical refinement and real-world
application, positioning it as a valuable foundation
for future studies in stochastic dynamic routing and
intelligent logistics systems.

The principal contribution of this research lies in
extending roaming delivery location models from
deterministic customer locations to stochastic
customer locations represented by probability
distributions over continuous geographical areas.
Unlike existing formulations, the proposed model
simultaneously determines delivery locations and
vehicle routes while explicitly accounting for
uncertainty in customer locations.
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Figure 1. Schematic representation of the VRP with variable and stochastic customer locations.
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Table 1. Comparison of different relocation policy scenarios.
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7 Vehicle Routing Problem with Delivery Option (VRPDO)
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Figure 2. Location of the distribution center and
helicopter coverage areas.
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Table 3. Geographical boundaries of the service
areas.
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