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e A mixed-integer linear programming
model is developed for a low-carbon
closed-loop lubricant supply chain.

e Multi-grade products, quality-based
return-flow  allocation, and an
emission cap-and-trade mechanism
are jointly integrated into the model.

e The effects of production, collection
transportation,  return-rate, and
reprocessing costs on supply chain

profit are identified.
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The management of used oils in the lubricant industry requires integrated
decision-making due to environmental hazards, reverse logistics costs,
quality heterogeneity of returned flows, and the need to reduce carbon
emissions. This study aims to develop a mixed-integer linear programming
model for a low-carbon closed-loop supply chain, with a particular focus on
the characteristics of the lubricant industry. In the proposed model, final
products are differentiated into three quality grades, namely A, B, and C,
while the annual demand of each buyer group is treated as exogenous. The
novelty of the model lies in the simultaneous integration of multi-grade
products, buyer-group-specific acceptance-level selection, quality-based
allocation of returned flows, disposition of unused flows, and cost-intensive
emission reduction decisions alongside a cap-and-trade emissions
mechanism. To evaluate the behavior of the model, a calibrated numerical
instance comprising five buyer groups was considered, and the resulting
optimization problem was solved directly using the HiGHS solver in a Python
environment. The baseline results indicated an annual supply chain profit of
USD 114.05 million and total sales of 725 thousand tons. Approximately
269.97 thousand tons of products were supplied through reprocessing,
accounting for 37.24% of total sales. The model also selected an emission
reduction level of 90 thousand tons, resulting in net emissions of 308.75
thousand tons of CO2 and consequently requiring the purchase of 8,750 tons
of emission allowances. Scenario analysis showed that profit varied from USD
98.56 million to USD 129.80 million, while the share of reprocessed products
ranged from 32.02% to 42.36%. Sensitivity analysis identified the cost of
producing products from virgin raw materials, collection transportation
costs, the base return rate, and reprocessing costs as the most influential
factors affecting profit. The results of this numerical instance highlight the
importance of reducing dependence on virgin raw materials, improving
reverse logistics, and coordinating emission-reduction costs with carbon
allowance prices within the structure under consideration.
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1. Introduction

Used lubricating oils create serious environmental
risks when they are improperly collected, stored, or
disposed of. At the same time, they represent a
valuable secondary resource that can partially
substitute virgin materials through collection and
reprocessing. A closed-loop supply chain therefore
provides a suitable framework for coordinating
forward production and distribution flows with
reverse collection and recovery activities.

The lubricant industry involves substantial quality
heterogeneity. Returned oils differ in contamination
and technical suitability, while final lubricants are
offered in different quality grades. Moreover, the
economic viability of a low-carbon closed-loop
system depends on the interaction among virgin
production, reprocessing, reverse logistics, and
carbon-management decisions.

Previous studies have examined collection risk,
acceptance quality, carbon policies, and uncertainty
in returned-material quality (Paydar et al., 2017
Taleizadeh et al., 2019; Khara et al., 2020; Kim & Lee,
2025). However, the simultaneous integration of
buyer-specific quality acceptance, multi-grade final
products, quality-compatible allocation of returned
oil, disposition of wunused returned flows,
reprocessing losses, capacity constraints, and costly
carbon abatement under a cap-and-trade mechanism
has received limited attention.

Accordingly, this study develops a mixed-integer
linear programming model for a low-carbon closed-
loop supply chain in the lubricant industry. The
model maximizes annual supply chain profit by
jointly determining virgin production, reprocessing,
quality acceptance, returned-oil allocation, carbon
abatement, and allowance trading decisions.

2. Methodology

The considered supply chain consists of one producer
and five buyer groups: automotive, steel, power
generation, petrochemical, and cement and mining
industries. The producer supplies three product
grades, namely A, B, and C, and collects the used oil
generated by these buyers. Grade A has the highest
quality, followed by grades B and C.

Annual demand for each buyer group and product
grade is treated as an exogenous parameter, while
the selling price is fixed. All specified demand must
be satisfied. For each buyer group, one quality
acceptance level is selected from five discrete
operational levels: 0, 0.60, 0.80, 0.95, and 1.00. The
return rate associated with each acceptance level is
calculated  before  optimization using an
exponentially decreasing function; therefore, the
return-rate  expression does not introduce
nonlinearity into the optimization model.

Returned oil can be allocated to a product grade only
when the selected acceptance level satisfies the
minimum input-quality requirement of that grade.
Quality compatibility is incorporated by defining

eligible grade—quality combinations rather than
using general Big-M constraints. Grade-specific
reprocessing yield losses are also considered. All
collected used oil must be assigned to reprocessing,
end-of-period inventory, or authorized
treatment/disposal.  Annual  collection  and
distribution capacities are limited, and production,
reprocessing, collection, transportation, inventory,
and disposal costs are assumed to be linear.

The carbon cap-and-trade mechanism is considered
as a prospective policy scenario. Unlike a formulation
with an exogenous and costless emission-reduction
rate, carbon abatement is an endogenous decision in
the present model. A piecewise-linear cost function
with increasing marginal abatement costs is used.
Net emissions are calculated as baseline emissions
minus the selected abatement level, and the resulting
position relative to the emission cap determines the
number of allowances purchased or sold.

The resulting formulation is a mixed-integer linear
programming (MILP) model. It was implemented in
Python and solved directly using the MILP function
of SciPy with the HiGHS solver. The base formulation
contains 154 variables, including 25 binary and 129
continuous variables, and 97 constraints. Thus,
quality levels are selected directly within a single
optimization model rather than by externally
enumerating all combinations.

For computational validation only, all possible fixed-
quality combinations were independently evaluated
and the best solution was compared with the direct
MILP solution. Both procedures identified the same
quality configuration, with only a negligible
numerical difference in the objective value. In
addition, the model was re-solved under nine
combinations of demand and base return-rate levels
to examine the stability of the results.

3. Results and Discussion
3.1. Numerical Outcomes

Under the base case, the optimized annual supply
chain profit is USD 114.05 million and total annual
sales amount to 725 thousand tons. Approximately
269.97 thousand tons of products are supplied
through reprocessing, corresponding to 37.24% of
total sales.

The optimal production structure differs across
quality grades. Grade A is supplied entirely through
virgin production because of its high input-quality
requirement. Grade C is produced entirely from
reprocessed oil, whereas grade B is supplied through
a combination of virgin and reprocessed production.
This finding confirms that returned oil should not be
treated as a homogeneous input and that quality
compatibility directly affects the optimal production
mix.

The selected acceptance quality level is 0.60 for the
automotive, steel, power plant, and cement and
mining groups, while a level of 0.80 is selected for
the petrochemical group. These decisions reflect the
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trade-off between return quantity and returned-oil
usability. Lower thresholds increase collection
volumes but restrict their use to lower-grade
products, whereas stricter thresholds reduce the
return quantity but permit allocation to higher-
quality grades.

The total quantity of collected wused oil is
approximately 298.26 thousand tons. Under the
base-case cost and quality conditions, all collected oil
is allocated to reprocessing, while both end-of-period
inventory and authorized treatment/disposal are
zero. Collection and distribution capacity utilizations
are approximately 74.56% and 90.63%, respectively.

3.2. Carbon-Abatement and Allowance-Trading
Results

Baseline annual emissions are 398.75 thousand tons
of CO2. Considering both abatement costs and the
carbon allowance price, the model selects 90
thousand tons of direct emission abatement,
reducing net emissions to 308.75 thousand tons of
CO2. Since this value remains 8.75 thousand tons
above the 300-thousand-tons emission cap, the
supply chain purchases 8,750 tons of emission
allowances.

The first two abatement segments, with capacities of
40 and 50 thousand tons and marginal costs of USD
12 and USD 28 per tons of CO2, are fully utilized
because their costs are lower than the allowance
price of USD 30 per tons. The third segment, with a
marginal cost of USD 55 per tons, is not selected
because purchasing allowances is economically
preferable. Hence, the model establishes an explicit
economic trade-off between direct emission
reduction and allowance trading.

3.3. Scenario and Sensitivity Analysis

The nine demand-return scenarios produce annual
profits ranging from USD 98.56 million to USD
129.80 million. The share of reprocessed products
increases from 32.02% under the low-return
condition to 42.36% under the high-return condition.
Quality-acceptance decisions remain relatively stable
with respect to demand changes but respond to
variations in the return rate.

Demand changes also affect the carbon allowance
position. Under the low-demand level, net emissions
remain below the cap and 31,125 tons of surplus
allowances can be sold. Under the base-demand
level, 8,750 tons must be purchased, while the high-
demand level requires the purchase of 48,625 tons of
allowances. The optimal direct abatement level
remains 90 thousand tons across these demand—
return scenarios because the first two abatement
segments remain less expensive than purchasing
allowances, whereas the third remains more
expensive.

One-at-a-time sensitivity analysis identifies virgin-
material production cost as the most influential
economic parameter. A 20% decrease in this cost
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increases profit by 38.47%, whereas a 20% increase
reduces profit by 38.30%. Collection transportation
cost is the next major driver: halving it increases
profit by 11.47%, while doubling it reduces profit by
22.63%.

The base return rate and reprocessing cost are also
important. Increasing the base return rate from 0.60
to 0.80 raises profit by 9.30%, whereas reducing it to
0.40 decreases profit by 12.63%. A 20% change in
reprocessing costs changes annual profit by
approximately 10.8%. These findings highlight the
economic importance of increasing access to usable
returned oil and improving reprocessing efficiency.
Carbon-policy parameters have a smaller direct effect
on total profit within the tested ranges, but they
substantially affect the optimal environmental
decision. For example, reducing the allowance price
from USD 30 to USD 10 makes direct abatement
unattractive and reduces the optimal abatement level
from 90 thousand tons to zero. In contrast,
increasing the allowance price to USD 100 makes all
three abatement segments economical and raises
direct abatement to 150 thousand tons. Thus, the
importance of carbon-policy parameters should not
be assessed solely through their immediate effect on
profit.

4. Conclusions

This study developed an optimization model for a
low-carbon closed-loop supply chain and evaluated
its behavior using a calibrated numerical case
structured around the lubricant-industry context.
The model jointly considers virgin production, used-
oil collection, buyer-specific quality acceptance,
reprocessing, multi-grade product allocation,
disposition of wunused returned oil, capacity
constraints, costly carbon abatement, and carbon
allowance trading. Its main contribution is the
integration of multi-grade product requirements and
buyer-specific quality acceptance with explicit
returned-flow disposition and an economically
endogenous carbon-abatement decision within a
single MILP framework.

The results show that reprocessed oil can supply a
substantial share of demand, but complete
replacement of virgin materials is not appropriate for
all grades. Managers should therefore determine an
economically and technically balanced production
mix rather than maximizing recycling without
considering quality requirements.

The findings further indicate that management
efforts should primarily focus on controlling virgin-
material costs, improving reverse-logistics efficiency,
increasing access to usable returned oil, and reducing
reprocessing costs. Carbon-policy design should also
consider the relative magnitude of allowance prices
and marginal abatement costs, because this
relationship determines whether direct emission
reduction or allowance trading is economically
preferable.
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Scenario analysis indicates that the economic and
operational results are sensitive to changes in
demand and return conditions. Accordingly, buyer-
specific quality-acceptance decisions and reverse-
flow management should be adjusted to the
availability and quality of returned oil rather than
being treated uniformly across customer groups.

The study is limited by its single-period and
deterministic base formulation and by the use of a
calibrated numerical case. Variations in demand and
the base return rate are examined through scenario
analysis rather than being embedded as endogenous
uncertainty within a stochastic or robust
optimization framework. Uncertainty in returned-oil
quality and carbon allowance prices, detailed
technology-specific investment costs, facility-
location decisions, and multi-period capacity
changes are also outside the present scope. Future
research may therefore incorporate stochastic or
robust formulations, multi-period decisions, detailed
low-carbon investment choices, facility location,
uncertain return quality, and firm-level industrial
data.
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Figure 1. Conceptual structure of the chain.
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Table 2. Values of the model input parameters
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Table 3. Quality and technical parameters of product grades
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Table 4. Annual demand by buyer group
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Table 5. Summary of numerical model results for the base case

s>l ainge o P
JW/Ys AR ARINATA Yl JS S
JuYs YYD oo 2 gl Jel il
Julos it Npame o b JS
JUl e YAAYAV/OY 0085l anz odpan iy, loie
Ju,b YFAa2A/Y S a6 91,85L Jyame e
Jui YYIvE Ohs® JS 5l eddis sl 85k Jparme opes
JW/CO2 55 YaAVO- sl Jlasl 5l Ll
Juicoz Qoo Ll 2lS ainge e
JL/CO2 5 YAV - Al L
SR AVO- oas (gl 5 Ll jeoee
Jed YYD JEHETEOREPERTS
KW AlNg So9laem cud b 5l ookl ol 5ue

oy S @5 by il oslinul s

Table 6. Virgin and reprocessed production by grade
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Table 7. Results of demand and return rate change scenarios
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Table 8. Effect of changes in cost parameters on annual profit
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