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1. Introduction

Economic Lot Sizing (ELS) problems represent a
fundamental class of decision-making models in
procurement, production, and inventory
management. In these systems, dynamic demands
over a finite planning horizon are satisfied by batch
purchasing or manufacturing in specific periods,
aiming to minimize total operational costs. Since the
pioneering work of Wagner and Whitin (1958), who
established the Zero-Inventory Ordering (ZIO)
condition and provided a dynamic programming
framework for the uncapacitated single-item lot
sizing problem, numerous extensions have been
explored. Modern operational environments,
however, introduce complex constraints such as
order capacity limitations, perishability of goods,
quantity  discounts, and secondary market
opportunities like resale, which significantly
complicate the underlying mathematical structures
(Emadi et al.,, 2024; Veisi, 2026; Manesh-Bozorgi et
al., 2026; Moshiri & Rashidi Komijan, 2023).

Order capacity limitations frequently arise due to
physical storage space, budgetary bounds, or
transportation constraints. Florian and Klein (1971)
demonstrated that adding time-invariant capacity
constraints to the concave-cost ELS problem renders
it computationally challenging, though polynomially
solvable by establishing the fractional period
property. Parallel to capacity constraints, quantity
discounts serve as major financial incentives offered
by suppliers to encourage bulk purchasing. Chung et
al. (1987) examined lot sizing under all-units
quantity discounts and showed that optimal order
quantities align either with discount breakpoints or
cumulative demand requirements. Further research
by Federgruen and Lee (1990) and Koca et al. (2014)
advanced dynamic programming techniques for
piecewise concave cost functions incorporating
discounts.

Another  critical operational dimension s
perishability. Goods such as pharmaceutical
products, perishable foodstuffs, and chemicals
exhibit finite shelf lives, deteriorating after a fixed
duration regardless of handling quality (Hsu, 2000;
Onal et al.,, 2015). Recent advances in dynamic lot
sizing have further extended these frameworks to
handle complex deterioration and dynamic non-
linear cost structures. For instance, Papadopoulos in
2025 and 2026 (Papadopoulos 2025, 2026)
developed improved exact dynamic programming
algorithms for single-item lot sizing with a one-
breakpoint all-units quantity discount and piecewise
linear production costs, substantially improving
theoretical time complexities. Similarly, Fan et al.
(2026) investigated a dynamic lot-sizing problem for
a perishable product with multiple customers having
different freshness requirements. By exploiting
structural properties of optimal solutions, they
developed a polynomial-time optimal algorithm for
jointly determining production and inventory

allocation decisions. Under discount incentives,
purchasing quantities that exceed immediate
requirements within the product's lifespan becomes
attractive. To monetize surplus inventory that would
otherwise spoil, firms may engage in resale activities
at discounted rates during the ordering period (Sohn
& Hwang, 1987; Li et al., 2012). Malekian et al. (2021)
investigated the capacitated lot sizing problem with
a 1-breakpoint all-units discount (CLSP1D) assuming
non-perishable inventory. However, unifying order
capacities, single-breakpoint all-units discounts,
item perishability, and dynamic resale options within
an exact polynomial-time optimization framework
remains an unaddressed gap in the current literature.
This study investigates the single-item time-
invariant capacitated lot sizing problem for
perishable items considering a 1-breakpoint all-units
quantity discount and resale option (CLSP1DP). Fixed
ordering costs and undiscounted unit purchase
prices are assumed to be non-increasing over time,
lead time is zero, and backlogging is strictly
prohibited. Items follow a First-In, First-Out (FIFO)
consumption mechanism. We analyze the theoretical
properties of the optimal solution and exploit them
to design an exact polynomial-time algorithm.

2. Problem Definition

The CLSP1DP considers a dynamic planning horizon
consisting of T finite periods with known positive
deterministic demands. A firm orders products
subject to a constant order capacity C per period. An
all-units quantity discount scheme with a single
breakpoint D is available: if the order volume in a
period reaches or exceeds D, a discounted unit
purchase price applies to the entire order; otherwise,
a higher undiscounted unit price is charged. Both the
fixed setup cost and the undiscounted purchase price
are non-increasing across the planning horizon.
Items have a finite shelf life of L periods, maintaining
constant quality throughout their lifespan and
perishing L periods after arrival. Because of the
discount incentive, the firm may order quantities
larger than the cumulative demand over the
product's shelf life. In such cases, excess items can be
resold in the ordering period at a reduced-price drop
rate. A resold item yields immediate revenue,
avoiding holding costs, but resale occurs only if the
item cannot be consumed within its usable lifetime.
Demand in each period must be fully satisfied from
current orders or inventory carried over from
previous periods under a FIFO issuance policy. The
objective is to determine an optimal replenishment
schedule that minimizes the sum of setup, purchase,
inventory holding, and net resale costs over the
planning horizon.

3. Solution Methodology

To solve the CLSPIDP exactly, we analyze the
structural properties of optimal solutions based on
regeneration intervals and fractional periods. A
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period with zero inventory at its beginning is an LZ
period, while a period with zero inventory at its end
is an RZ period. An interval bounded by an LZ period
at its start and an RZ period at its end constitutes a
regeneration interval. In traditional lot sizing models,
the classic ZIO condition requires that an order takes
place only when the starting inventory level drops to
zero. However, in the presence of all-units discounts,
this condition does not necessarily hold. We prove a
re-modified ZIO condition for CLSP1DP: if an order is
placed in a period with positive starting inventory
(an irregular order), its quantity in the optimal
solution must equal the discount breakpointD.
Furthermore, any order accompanied by positive
resale must also equal D.

We establish that each regeneration interval in an
optimal solution can contain at most one fractional
order (an order strictly between zero and capacity C
that does not equal D). Furthermore, orders equal to
D strictly precede orders equal to capacity C, and any
fractional order is positioned between D-level orders
and C-level orders depending on its relative size.
Based on these sequence rules, a regeneration
interval is partitioned into three distinct structural
parts:

e Part A: An interval starting with zero
inventory where all regular orders equal D.
Irregular orders equal to D and resale
operations can occur exclusively within
Part A. We prove that at most two
additional irregular orders can occur in Part
A, and we construct an iterative procedure
to compute the exact cost and ending
inventory of these sub-plans.

e Part B: An intermediate interval
characterized by strictly positive ending
inventory where all orders equal capacity C,
initiated by an order equal to C.

e Part C: An RZ ending interval where all
orders equal capacity C, except possibly the
first order which may be fractional or equal
to C.

Five valid structural configurations exist for any
regeneration interval: ABC, AC, A, BC, or C. Based on
these structural characterizations; we develop
polynomial-time algorithms to calculate the
minimum cost for every possible candidate interval
[i,j] under each valid structural sequence. Once the
minimum cost for all candidate intervals is
established, the CLSP1DP is mapped onto a directed
acyclic graph where nodes represent time periods
and arc weights correspond to the optimal costs of
the candidate regeneration intervals. Finding the
shortest path from node 1 to node T + 1 via Dijkstra's
algorithm yields the global optimal replenishment
schedule. The overall computational complexity of
this Implicit Enumeration Algorithm (IEA) is proved
to be polynomial with a time complexity of0 (T*).
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4. Results and Conclusions

To evaluate the computational efficiency and
scalability of the proposed Implicit Enumeration
Algorithm (IEA), an extensive experimental study
was  conducted  across  various  problem
environments. The algorithm was coded in Visual
C++ and compared against the mathematical
programming model solved using the CPLEX solver
on GAMS. Test instances were generated across
problem horizons ranging from T = 10 to T = 330
periods, with capacity-to-discount ratios C/D
categorized into four distinct experimental classes.
For each problem size and class combination,
multiple random instances were generated and
solved. The computational experiments demonstrate
the clear superiority of the proposed IEA over CPLEX
in solving the CLSP1DP:

e Execution Speed: For small instances (T <
50), both CPLEX and IEA solved the
problem within fractions of a second.
However, as the planning horizon increased
beyond T =90, CPLEX's solution time
grew exponentially, requiring hundreds of
seconds for T =170 and reaching the
1000-second time limit for T > 170 with
non-zero optimality gaps. In contrast, the
proposed IEA solved large-scale instances
up to T =330 periods within a few
seconds (under 9 seconds on average).

e Impact of Capacity-to-Discount Ratio
(C/D): While the performance of CPLEX
remained largely insensitive to the C/D
ratio, the IEA algorithm demonstrated
enhanced efficiency for larger C/D ratios
(Classes 3 and 4). Higher C/D wvalues
naturally limit the length of valid Part A
candidate intervals due to perishability and
capacity constraints, leading to early
termination in  candidate  interval
evaluations and significantly reducing
overall CPU execution time.

In conclusion, the structural properties proved in this
paper effectively reduce the solution space, allowing
the proposed polynomial-time O(T*) algorithm to
solve large-sized operational instances of the
CLSPIDP rapidly and optimally, outperforming
commercial mathematical solvers.
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Figure 1. Structures of the reproduction intervals in possible scenarios.
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(Input: t, j, inv)
(Output: Costgs, EndInv, pergs, petirg)

Costrs = 0, pergs = 0,peryg =0

d'y =dy, forallk (t < k <J);
Qi =D forallk (t <k <j)

d,=0k=t+1

While inv > 0 and k < j Do
tmp = min{d’'y, inv}
dy=d—tmp
inv = inv — tmp
k=k+1

End While

Ifk > j Then
EndInv = inv+ D
peryg =]

Break
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End If

Fork =ttok = jDo

1fd'y = 0 Thenper;y = k

Fori = ktoi = min{j,k + L — 1} Do
tmp = min{d’;, Q;}
d;=d;—tmp
Qk = Q — tmp
If Qx = 0 Then Break For

End For

IfQr >0andj =k + L —1Then
Revgs = Revgs + (1 — By Qx
perrs = k,Qr = 0

End If

End For

k=j
Endinv = Z Qx
k=t
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Hy (i, k) = Ho (i, k) + S 1 CLSPIDP alivs ;5 A (a5t 4530 drslos .Y s 595
+D (Pf|R|(D) (Input: i) .
R (Output: ¥;, GAG, k), I, k€ ;,n =0,1,2)
+ hj’jm)
R

RZ(Z))K:(Z)’lpi:(_Z)

LfS = 0,15 = 0,L,? = 0, (for n=0,1)

[=0, k=i, I} =0, I'""=0, Hy(i,i —1) =
. 0,H,(i,i—1) =0

If L° =0 and I'* <dy,; Then Whﬁe(k < T])Do

G{(i,k) = H,(i, k) Else G{* (i, k) = o

Elself LS < leRl Then

Execute Algorithm 1:

= 15"+ D, LY = ke, L5 = Lf?

If L& ZleRI Then L%¢7° =0 Else
LZe‘ro — LZe‘ro
1 — ~o

£ 17" + D > dj Then

I=15""+D

COSt = Ho(l,k - 1) +Sk + DPk(D)
Elself I'*™" + D > d; and C/D < 2 Then

Inputs: (t « fRIRI,j « k,inv « fkl,Kl)

Outputs: (Revgs, Endinv, pergs,

perirg) I= Iiyk_l +D
H,(i,k) = Hy(i, k) + Sf}Lm Cost = H,(i,k—1)+ S, + D.P,(D)
+ D'Pf)qu(D) IRS =[RS [Zero — L{eTO,Lig‘q — Lilrg’ R =
+ hfie (EndInv R-fFR=kK— X
B Ié‘i) ~ Revgg Else Break Algorithm
I'¥ = Endinv, Ly = per,,, L5 = EndIf
pergs if1> d,f'm{T'k“_l} Then
If L4e7° > fRIRI Then L%"° = ( Else RS =] — d,’:li“{T'k“_l}, I=1-RS, L& =
L{ero — Lgero k
if 1f°=0 and L* <dy; Then Cost = Cost — RS. (1 — B)py
G{(i,k) = H,(i, k) Else G{* (i, k) = End If
Else G, (i, k) = o
End If K=k
. . : Whilel = dj Do
If [R]>1 and I —[¥* =D and I'¥ < "
dyyy and C/D < 2 I'=1-dy
Execute Algorithm 1: ifk > k'ThenR=RU{k},K =K U {[}
Inputs: (t « leRI_l, jek, inve Cost = Cost + hyl
111y If] = 0 and L™ = 0 Then LZ™ = k
Outputs: (Revgs, EndInv, pergs, End While
perirg) _
Hy(0,K) = Hy ) + S k=k-1
. _ ik __
+ D-PfIRI—l(D) Hy (i, k) = Cost, I(I) =1
R _ ik _ _
+ hE oy (Endiny If k<T or (k=T and Iy =0) Then ¢; =
.fi Y; U {k}
L —
= Iy") — Revgs 0 =00r 1570 =k) and (k<

I¥* = EndInv
if (1570 > fIRI7Y or 1297 = 0) and
Then Izi’k < dps1

Tor (k=T and IJ* = 0)) Then
| 3k = Ho (i, k)

| GA(i, k) = H,(i, k) Else G{(i, k) = o
Else G5(i, k) = o End If
End If IfR # @and k < T Then
Else G4 (i, k) = oo | 162577 < £*! Then
End If
Else G£ (i, k) = G4 (i,k) = o

End If
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(Input:n, i, k, (k — 1 € ¥;), I7i1,k—1)
(Output: Ny e, G (L K, 1),k € Mygpm = 0,1,2)

Ifi =0ork =1Thenl = 0Elsel = I,i{k_l
If i > 0 and I = 0 Then Break Algorithm
I=k Cost=0,m,;, =0

While! < T Do

f I+C> dlmin{T_l'HL_l} Then  Break
Algorithm
I =1+4C,Cost = Cost + Pl;(C)

While! > d; andl < T Do

I=1-d,

Cost = Cost + hyl
l=1+1

End While

l=1-1

IfI > 0 Then

Gy (i, ke, 1) = Cost, Nn i = Nnix Y {1}
l=1+1

Else Break Algorithm

End If

End While
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|k=k+1
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ny = {Ga“(i,j) J €y lg’ =0 (10)
A oo ,otherwise
nd = (%)
{Gc(i, D +PL(f™ +d) Y +d
oo ,otherv
M. = {% {GAGk—1) + \Y)
i<k<j;n=0,1,2
k—-1€y;

fT'k+1] Ilk 1+dk<C

GC e, j) + PL(fret™ — 1K + 4y}

ny. = {Ein% {GE(0,i,k — OA)
i<ksj
k—1€ng,i

Fritti_pik=14q,<c
1D+ Gk, j) + PL(fri™ — k1 4+

dy.)}

l] . Ar:
Mygc = {nin, {GA®, k- QRY)
i<k<l<jn=0,1,2

k—1€y;l-1€Ny ik

frl 1+1,j —nil g <c
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(Input: j)
(Output: G (1, ), 1 <1 <))

HEC(L)) = GC(l,j) = oo, Foralll (1 <1 <))
GG, H)=0

ifd; < C Then H¢(j,j) = 0Else HC(j,)) = PL;(C)
flg=0,cnt =1

Forl =j — 1Down Tol = 1 Do

Ifflg=1Thencnt =1

cnt =cnt +1

If cnt > L Then Break Algorithm
Iffrol’j > d; Then

flg=0

HOW)) = HE U+ 1)) + hufris,
GE(Lj)=HWL))

Else
flg=1
HE(Lj) = HC(L+1,)) + hyfrit™

+ PL(C)
GC(Lj) = HE(L+ 1,j) + hyfrl*™
End If

If fry *1J = 0 Break Algorithm
End For
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Table 2. Parameter values for generating random
instances of the CLSP1DP problem
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Table 5.

N GAP Avg  max min S T
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